Introduction
We study singular solutions of the semilinear parabolic equation Then $\varphi(|x|)$ satisfies (1.1) in the distribution sense, and $\varphi,.,.+\frac{N-1}{r}'\varphi_{r}+\varphi^{p}=0$ , $r=|x|>0$ . (1.2) Clearly, the spatial singularity of $u=\varphi(|x|)$ persists for all $t>0$ , but the singular point does not move in time.
Our aim of this paper is to discuss the existence of a solution of (1.1) whose spatial $si\iota lgulal\cdot ity$ moves in tirne. More precisely, we define a solution with a moving singularity as follows. Deflnition 1. The function $u(x, t)$ is said to be a solution of (1.1) with a moving singularity $\xi(l)\in \mathbb{R}^{N}$ for $l\in(0, T)$ , where $0<T\leq\infty$ , if the following conditions hold: (i) $u,$ $u^{p}\in C([0,T);L_{loc}^{1}(\mathbb{R}^{N}))$ satisfy (1.1) in the distribution sense.
(ii) $u(x, l)$ is defined on $\{(x, l)\in \mathbb{R}^{N+1} : \prime x\in \mathbb{R}^{N}\backslash \{\xi(l)\}, l\in(0,T)\}$ , and is twice continuously differentiable with respect to $x$ and continnoiisly differentiable with respect to
In this paper. we study the time-local existence for a solution with a moving singularity of the Cauchy problem (1.1) . In order to state our result, we first introduce a critical exponent given by $p_{*}:= \frac{N+2\sqrt{N-1}}{N-4+2\sqrt{N-1}}$ , whiCh appeared in the papers of V\'eron [8] and Chen-Lin [3] . It was shown in [8] that $p_{*}$ is related to the linearized stability of the singular steady state, while it was shown in [3] that $p_{*}$ plays a crucial role for the existence of solutions wit, $h$ a prescribed $sing_{t1}1ar$ se\dagger , of the Dirichlet problem $\{\begin{array}{ll}\Delta u+u^{p}=0 in \Omega,u=0 on \partial\Omega_{i}\end{array}$ whcre S) is a boundcd smooth
. III 2 Formal expansion at a singular poInt
In this section, we consider the formal expansion of a solution $u(x, t)$ of (1.1) with a moving singularity $\xi(l)$ . Assuming that the solution resembles the singular stcady statc around Let us consider the solvability of (2.3), (2.4) and (2.5) . It is well known (see, e.g. [2] ) that for every $j=0,1,2,$ $\ldots$ , the eigenvalues $of-\Delta_{S^{N-1}}$ are Therefore, unless $(-m+i)(N-m+i-2)+pm(N-m-2)=j(N+j-2)$ , (2.6) the operators in the left-hand side of (2.3), (2.4) and (2.5) are invertible. We define a set $\Lambda$ by $\Lambda:=\{p>1$ : (2.6) holds for some $i \in\{1,2, \ldots , [\frac{2}{p-1}]\}_{l}.j\in\{0,1,2'\ldots. , i\}\}$ .
Moreover, we considcr $G_{i}(w;b_{1}, b_{2}, \ldots , b_{i-1},\xi\cdot)$ in dct.ail $fid$ obtain next lemma. This equation has been investigated in [1, 7, 6] , and it was shown that (2.8) is well-posed when Hcre the cxponcnt $p_{JL}$ was first introduccd by $Jh-Ldgrrc^{\backslash }\iota 1 [4] a\iota ld$ is known to play an important role for the dynamics of solutions of (1.1).
Since the gradient term in (2.7) and the higher order term of $F$ do not affect the well-posedness, we must assume (2.9) for the solvability of ( First we construct a supersolution and a subsolution of (1.1) in a neighborhood of $\xi(t)$ by iising (2.7) . By (2.1), we have $u_{t}-\Delta u-u^{p}=L\{v_{t}-\Delta v-\xi_{t}\cdot\nabla v-F(v, y,t)\}$ . Hence $\overline{u}(x, t)=Lr^{-n}\{1+\sum_{i=t}^{k}b_{i}(\omega, t)r^{i}+v^{1}(y,t)r^{m}\}$ is a supersolution of (1.1) if and only if $v^{+}$ is a supersolution of (2.7). Since it follows from tedious calculation that $\overline{v}:=Cr^{-\lambda}$ is a supersolution of (2.7) on $B_{R}x(0,T_{1})$ if $R>0$ is sufficiently small, $\overline{u}$ $:=L|x-\xi(t)|^{-m}\{1+\sum_{i=1}^{k}b_{i}(w,t)|x-\xi(t)|^{i}+C|x-\xi(t)|^{m-\lambda}\}$ is a supersolution of (1.1) on $\bigcup_{0\leq t\leq T_{1}}B_{R}(\xi(t))x\{t\}$ for small $R>0$ . Similarly, we can show that
is a subsolution of (1.1) on $\bigcup_{0\leq t.\leq T_{1}}B_{R}(\xi(t))x\{t\}$ for smal $R,$ $>0$ .
Next, we construct a supersolution and a $sub_{8}olution$ near infinity. By direct calculation, it is shown that 
Construction of approximate solutions
In this subsection, by using the supersolution and subsolution given in the previous subsection, we construct a series of approximate solutions that is convcrgcnt in an appropriatc function spacc. Define a sequence of bounded domains $\Lambda_{n}(t)$ $:= \{x\in \mathbb{R}^{N} : |x-\xi\cdot(t)|\leq n, |x-\xi\cdot(t)|\geq\frac{1}{n}\}$ $(n=1,2, \ldots)$ .
For each $n$ , let $u_{n}(x, t)$ be a classical solution of $\{\begin{array}{l}u_{\gamma.\downarrow,\prime}=\Delta u_{n}+u_{n}^{p}\bigcup_{0\leq\iota\leq T}A_{r\iota}(t)x\{t\}u_{n}=\underline{u}\cup\partial A_{n}(t)\cross\{t\}0\leq t\leq T\iota\iota_{n}(x, 0)=r\iota_{0,n}(x)A_{n} (0) and thc standard parabolic thoory [5] , the function $u$ has thc desired properties as stated in Definition 1. Consequently, it is shown that the function $u$ is a solution of (1.1) with a moving singularity $\xi(t)$ for $t\in$ $(0,T)$ . 1 
